Abstract. FETI-DP method is a substructuring method that uses Lagrange multipliers to match the continuity condition on the subdomain boundaries. For the FETI-DP method on nonmatching grids, two different formulations are known with respect to how to employ the mortar matching condition. Keeping step with the developments of the FETI-DP methods, a variety of preconditioners for the FETI-DP operator have been developed. However, there has not been any numerical study for the FETI-DP method, which compares those preconditioners on nonmatching grids while there have been a few of literatures for numerical study on the comparison of FETI preconditioners. Therefore, we present the numerical study of four different preconditioners for two dimensional elliptic problems. The numerical results confirm the superiority of the preconditioner by Kim and Lee [6] for noncomparably nonmatching grids, while the superiority of the preconditioner by Dryja and Widlund [2] is confirmed for matching grids and comparably nonmatching grids.
Introduction
Finite Element Tearing and Interconnecting(FETI) method is one of the substructuring methods, which was first introduced by Farhat and Roux [5] . The main idea is to match the continuity condition across subdomain boundaries by Lagrange multipliers. By eliminating primal variables of subdomains, an operator for the Lagrange multipliers is obtained.
In [3] , Farhat et al. introduced a different substructuring method called Dual-Primal FETI(FETI-DP) method. In the FETI-DP method, the continuity condition across the subdomain boundaries is matched by primal variables at corners and dual variables(Lagrange multipliers) on edges. Mandel and Tezaur [10] showed its optimal condition number bound, with Dirichlet preconditioner for both second and fourth order elliptic problems in 2-D, where H and h denote the sizes of subdomain and mesh, respectively. Furthermore, Klawonn et al. [8] obtained the same bound by employing a new preconditioner for 3-D elliptic problems with heterogeneous coefficients.
The original FETI-DP methods were designed on matching grids. Recently, the FETI-DP methods on nonmatching grids were developed. For the FETI-DP formulation on nonmatching grids, mortar matching condition is employed to match the continuity condition across the subdomain boundaries. Dryja and Widlund [1, 2] imposed the mortar matching condition after eliminating unknowns on both interior and vertex nodal points. Furthermore, to obtain the stability of the mortar projection operator under H −1/2 -norm, they imposed a restriction that h δ m(i) and h γ m(j) , the sizes of meshes on the nonmortar side and the mortar side, respectively, are comparable. Kim and Lee [6] formulated the FETI-DP operator in a different way by imposing the mortar matching condition after eliminating unknowns on interior nodal points only. Then they proposed a Neumann-Dirichlet preconditioner which gives the optimal condition number bound (1 + log(H/h)) 2 
without the restriction that h δ m(i) ∼ h γ m(j)
. The proposed preconditioner is easy to implement and the operator from the nodal values on the interface of subdomains to the Lagrange multiplier space requires only the nodal values on the nonmortar side. Hence, the cost for multiplying the operator to a vector is reduced by half compared with preconditioners developed in other literatures(see [1, 2] ).
In this paper, we compare four kinds of preconditioners, the Dirichlet preconditioner [4] , and the preconditioner by Klawonn and Widlund [7] , which are developed originally for matching grids, and the preconditioner by Dryja and Widlund [2] and the preconditioner by Kim and Lee [6] , which are developed for the FETI-DP operator on nonmatching grids. The numerical results show that the preconditioner by Dryja and Widlund works the most efficiently on matching grids and comparably nonmatching grids. On the other hand, the numerical results for noncomparably nonmatching grids confirm the superiority of the preconditioner by Kim and Lee. Furthermore, we showed heuristically that the preconditioner by Kim and Lee is the limit form of the preconditioner by Klawonn and Widlund. This paper is organized as follows. The FETI-DP formulation developed by Kim and Lee is described in Section 2, and four preconditioners are introduced in Section 3. In Section 4, we provide the comparison based on numerical results, and the conclusion is given in Section 5.
FETI-DP Formulation
In this section, we introduce a FETI-DP formulation developed by Kim and Lee [6] .
2.1.
A Model Problem and Finite Element Formulation. In this paper, we consider the FETI-DP method on nonmatching grids for the following elliptic problem:
where
(Ω) and A(x) is uniformly elliptic for all x ∈ Ω. We also assume that the domain Ω is decomposed into a finite number of nonoverlapping bounded subdomains, i.e., Ω = N i=1 Ω i and Ω i ∩ Ω j = ∅ for i = j and |Ω i | < ∞ for all i. Moreover, we assume that this partition is geometrically conforming, which means that the subdomains intersect with neighboring subdomains on a whole edge or at a vertex. Then we triangulate each subdomain Ω i independently so that the meshes need not match across the subdomain boundaries.
We write the problem (2.1) in a variational form as follows:
Here,
We let Ω h i be a quasi-uniform triangulation of the subdomain Ω i . That is, there exist positive constants γ and σ such that
i , where h τ = |τ |, ρ τ is the diameter of the circle inscribed in τ and
|τ |. For each subdomain Ω i , we define a finite element space
is the set of polynomials of degree ≤ 1 in τ . Then we define finite element spaces as follows:
X i : v is continuous at subdomain vertices , Now, we approximate the solution of the problem (2.2) in X. To do this, on nonmatching grids we construct a Lagrange multiplier space. Let Figure 1 , and then we choose one as a mortar side and the other as a nonmortar side. We define
} be the nodal basis functions for W ij . We assume that the basis functions are sequentially ordered according to the location of nodes on Γ ij . We define
Then we take the Lagrange multiplier space as
With this Lagrange multiplier space, we impose mortar matching condition
We define
Then we consider a variational problem:
In the sequel, we use the bold face character to represent the vector of which entries are the nodal values of a function. Similarly, we use the bold face character to represent the set of vectors corresponding to a function space.
2.2. FETI-DP Formulation. In this section, we construct the FETI-DP operator for the problem (2.2) with the mortar matching condition as constraints. The discrete problem (2.4) can be written as the following equivalent minimization problem with constraints: 
Then the mortar matching condition (2.3) becomes 6) where
In the sequel, we use the subscript symbols r and c to represent the degrees of freedom corresponding to nodes on the edges and at vertices, respectively. For w i ∈ W i , we may write
We denote W c as the set of vectors which have degrees of freedom corresponding to the union of subdomain vertices, that is, global corner points. We define the matrix L i c which consists of 0 and 1 and restricts the value of w c ∈ W c on the vertices of subdomain Ω i . Therefore, for w = (
Hence, for w ∈ W, the coefficient vector can be written as
Let A i be the stiffness matrix induced from the bilinear form a i (·, ·), S i the Schur complement matrix from A i , and g i the Schur complement forcing vector induced from f i (v). Now, we eliminate interior variables in (2.5). Then the problem (2.5) becomes: Find z ∈ W satisfying
Let B i,r be the columns of B i of which entries are multiplied by the nodal values on the edges, and let B i,c be the columns of B i , that are multiplied by the nodal values at the vertices. Then (2.7) can be written as follows:
Solving (2.8a) for z r , we get
. By substituting z r into (2.8b) and (2.8c), we obtain
Let
Eliminating z c in the above equation, we obtain
cc F cr is called the FETI-DP operator.
Preconditioners for the FETI-DP Operator
In this section, we introduce four preconditioners that will be applied to the FETI-DP operator formulated in the previous section. In the first two sections, we consider the preconditioners developed for matching grids, where the continuity condition across the interface Γ ij is given by
Then, this continuity condition induces a Boolean matrix B r satisfying B r u r = 0.
We use this notation B r to introduce the preconditioners in Section 3.1 and 3.2. The next two sections deal with the preconditioners developed for the FETI-DP preconditioners on nonmatching grids.
3.1. The Dirichlet Preconditioner. The Dirichlet preconditioner was first designed for the FETI operator on matching grids by Farhat et al. [4] . In [4] , it has been shown numerically that the condition number of the FETI operator with the Dirichlet preconditioner is bounded by C(1 + log(H/h)) 2 when it is applied to the second order elliptic problems like Poisson problem, plane stress problem and plain strain problem. Here, H/h is the ratio of the subdomain and the mesh size. Mandel and Tezaur [9] proved that the condition number is bounded by C(1 + log(H/h)) m with m ≤ 3 for the second order elliptic problems in 2-D and 3-D both. Furthermore, Mandel and Tezaur [10] obtained C(1 + log(H/h)) 2 for FETI-DP operator with the Dirichlet preconditioner of the form
for the second and fourth order elliptic problems in 2-D. The numerical results are provided by Farhat et al. [3] .
3.2. The Preconditioner by Klawonn and Widlund. Klawonn and Widlund [7] designed a preconditioner for the FETI operator with matching grids, working on second order elliptic problems with jumps of coefficients. We apply the preconditioner to the FETI-DP operator by eliminating the corner effects.
We let ρ i be the constant coefficient depending on the subdomain Ω i and ∂Ω h i,r the set of nodes on ∂Ω i excluding vertices. We also denote N x as the set of indices of the subdomains which have x on its boundary. The weighted counting function µ i (x) which is associated with the individual ∂Ω i is defined as
corresponding to the point x ∈ ∂Ω h i,r , and the matrix D r is defined as
Then the preconditioner is of the form 
Here, h δ m(i) and h γ m(j) are the mesh parameters of δ m(i) and γ m(j) , respec-
{D δ m(i) }, the preconditioner by Driya and
Widlund is of the form
where B r is the mortar matching matrix defined on edges. It was proven that the condition number of the FETI-DP method with this preconditioner is bounded by C max 3.4. The Preconditioner by Kim and Lee. Kim and Lee [6] developed the FETI-DP method on nonmatching grids through the different approach from Dryja and Widlund [2] . They also designed a new preconditioner, so called Neumann-Dirichlet preconditioner, and proved its optimal condition number bound estimate. To introduce this preconditioner, we first define vector spaces as follows:
Then the preconditioner is of the form
is the mortar matching matrix on the nonmortar edge of Γ ij and R ij : M → M ij is a restriction operator. In their FETI-DP formulation, the choice of mortar side and nonmortar side is arbitrary, and noncomparably nonmatching grids are permitted. In addition, the preconditioned FETI-DP method permits jumps of coefficients with careful choice of the nonmortar side, and then the condition number bound is independent of the coefficients. The numerical results have been provided for a two dimensional Poisson problem in [6] .
Comparison of Preconditioners Based on Numerical Results
In this section, we provide numerical tests to compare various preconditioners introduced in the previous section for the FETI-DP method on nonmatching grids. We consider the following problem on the domain
where α(x, y) is a piecewise constant function with jumps across the subdomain boundaries. We employ piecewise bilinear finite elements for the triangulations on each subdomain. Since the induced linear system is symmetric and positive definite, we use the conjugate gradient(CG) algorithm to solve it. The stopping criterion of CG is r k / r 0 ≤ 10 −8 , where r k is the residual at k-th iteration of CG and r k is the Euclidean norm of the vector r k .
We perform the numerical experiments on both matching grids and nonmatching grids, and the results of these experiments are provided in Section 4.1 for matching grids and in Section 4.2 for nonmatching grids.
Performances on Matching Grids.
The experiments using matching grids are performed for both cases that the preconditioners take the Boolean matrix B r which implements the continuity condition (3.1) and the matrix B r which implements the mortar matching condition (2.6). For these Table 1 . Results on matching grids with the exact matching condition cases, we consider the elliptic problem (4.1) with α(x, y) = 1 and the exact solution u exact (x, y) = sin(πx)y(1 − y). Table 1 shows the numurical results of the case that we use the continuity condition B r u r = 0. Here, N , Iter, Error and Cond denote the number of subdomains, the number of CG iterations, the relative L 2 error, i.e., D , we get the relative errors of the same level as without a preconditioner. Therefore, we assume that we solve the problem up to the truncation level with the above stopping criterion of CG.
We observe in Table 1 that the CG iteration numbers of the FETI-DP operator with F D F DP , which is optimal in the standard substructuring methods. Now, the numerical results using B r , which implements the mortar matching condition, are provided in Table 2 . Even though the grids are matching, we may use the mortar matching condition instead of the exact matching condition. We do this experiment to know how the mortar matching condition deteriorates the performance of the preconditioners for the FETI-DP method with matching grids. We compare F Table 1 . We estimate the condition numbers from the CG coefficients [11] . It causes numerical instability when the the CG coefficients are small. Therefore, sometimes, we are able to estimate the growth of the condition number instead of the exact condition number.
4.2.
Performances on Nonmatching Grids. In this section, we provide the numerical results for the FETI-DP operators on nonmatching grids. The experiments are performed for both comparably and noncomparably nonmatching grids. Table 3 provides the numerical results of the FETI-DP methods for comparably nonmatching grids with the mortar matching condition. We consider the problem (4.1) with α(x, y) = 1 and the exact solution u exact (x, y) = sin(πx)y(1 − y). To get comparably nonmatching grids, we take n i random Table 3 . Results on comparably nonmatching grids nodes with the restriction
on each edge of the subdomain Ω i , and generate meshes on each subdomain. Here, H i is the size of the subdomain Ω i , n i is the number of nodes on each edge excluding end points and h i is the maximum size of the meshes on each edge of the subdomain Ω i . Then, this restriction satisfies the assumption of quasi-uniform triangulation.
By the same reason as in the case of Table 2 , we only compare the three preconditioners F KL also shows that the CG iteration number is much smaller than that without a preconditioner. In the case of F −1 D , we observe that the CG iteration number is much larger than that without a preconditioner. From the numerical results for the FETI method by Stefanica and Widlund [12] , we remark that when the Dirichlet preconditioner employing mortar matching condition is applied to the FETI operator, it also does not work effectively on both matching grids and nonmatching grids as our numerical results show for the FETI-DP method. Figure 4 shows the numerical scalabilities of the FETI-DP methods with F Until now, we have considered the numerical experiments performed with the elliptic problem (4.1) of which coefficients do not have jumps across the subdomain boundaries. Now, we perform the numerical experiments with the problem (4.1) that have the jumps of coefficients across subdomain boundaries. We consider the cases of 2 × 2, 4 × 4 and 8 × 8 subdomains. In addition, for each case, we choose the test problem of which solution belongs to H 1 (Ω) that is the function space required by the theory of finite elements. From now on, for convenience, we distinguish each subdomain by Ω ij instead of Ω i . The order of indices of subdomains is explained graphically in Figure  6 . Then, the coefficients are determined by followings:
if both i and j are even, 250 if i is odd and j even, 5000 if i is even and j is odd, 10 if both i and j are odd and we take the exact solution
To get noncomparably nonmatching grids, we take uniform grids on all subdomains with the condition that the ratio
for ∂Ω ij ∩ ∂Ω kl = ∅, where h ij and h kl denote the mesh sizes corresponding to Ω ij and Ω kl , respectively (see [13] ). For an example, when N = 2 × 2 we obtain a triangulation as in Figure 6 . In [13] , it is shown numerically that the choice of nonmortar sides are quite crucial for the problem with jumps of coefficients and a good approximation solution is obtained when the Lagrange multiplier space has higher dimension. That is, the subdomain boundary which has finer grids than the adjacent subdomain boundary should be chosen as a nonmortar side. Table 4 . Results on noncomparably nonmatching grids with the mortar matching condition KW with γ = 10, the CG algorithm finds the approximation solution of which error attains discretization level within a few iterations. In Table 5 , the iteration numbers are equal as well as the estimated condition numbers. We also observe that the CG iteration number of F 
Conclusion
In this paper, we have compared four preconditioners. Among them, two were originally developed for matching grids and the other two were developed for FETI-DP methods on nonmatching grids. However, we have not applied all preconditioners for all numerical experiments because some preconditioners become identical for some cases. In particular, the preconditioner introduced by Kim and Lee has a distinguished feature. It just uses the flux information of the nonmortar side. We have observed that the preconditioner F KL because it does not require to implement the information of mortar sides at all, and does not require the diagonal scaling matrix.
In practice, it is useful to allow noncomparably nonmatching grids across subdomain boundaries because many elliptic problems appearing in the real world have nonconstant coefficients and we have to deal with this problem numerically by putting the coefficients constant on each subdomain independently. Considering this fact, it seems that that the preconditioner F
−1 KL
is the most useful preconditioner in a practical sense.
